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Abstract

Polycrystalline bismuth sample was compressed in a diamond anvil cell and X-ray diffraction patterns from the body centered cubic

phase of bismuth (bcc-Bi) recorded in the pressure range 12–222GPa. The analysis of diffraction data indicates that the factor

S ¼ (S11�S12�S44/2) is positive, where Sij are the single-crystal elastic compliances. The data suggest S/S11ffi0.5 in the entire pressure

range if stress continuity across the grain boundaries is assumed, and S/S11ffi0.9 if a condition halfway between the stress and strain

continuities is assumed. These results are compared with the first principle calculations of the elastic moduli carried out recently. The

upper bound of the uniaxial stress component (the difference between the axial and radial stress components) increases linearly from very

low value at 12 to E3GPa at 222GPa.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Bismuth is rhombohedral (A7) at ambient pressure and
undergoes a number of structural phase transitions as the
pressure is increased and acquires a body centered cubic
phase at 7.7GPa [1, and references therein]. The calcula-
tion of structure dependent part of cohesive energy using
pseudopotential method [2] showed that the bcc-Bi is more
stable than other commonly encountered structures such as
hexagonal close packed, face centered cubic, and simple
cubic down to compression of V/V0 ¼ 0.5. The volume
compression measurement by high-pressure X-ray diffrac-
tion [3] showed that the bcc-Bi was indeed stable up to
222GPa that corresponded to a measured compression of
V/V0 ¼ 0.473570.001. Because of the high compressibility
of bcc-Bi, its use as a pressure marker in high-pressure X-
ray experiments was suggested. The single-crystal elastic
moduli of the high-pressure phases are obtained through
front matter r 2006 Elsevier Ltd. All rights reserved.
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the first-principle calculations and measurement thereof
has remained a challenge. Analysis of the powder
diffraction data under nonhydrostatic compression offers
the only way of measuring single-crystal elastic moduli of
the high-pressure phases [4–6]. However, this method
requires diffraction data taken with the radial [7] or
perpendicular [8] geometry. Several examples [8–10] of such
studies can be found in literature. In particular,
studies on the elasticity of hcp-Fe [11] and of CaCl2-phase
of silica [12] are examples of measurements on the phases
that are stable only under pressure. The diffraction
experiments on bcc-Bi conducted earlier [3] used the
conventional geometry that does not give the range of
data required for the estimation of elastic moduli. In this
paper, we analyze the line-shift and line-width data
obtained earlier [3] to constrain (S11�S12�S44/2) of bcc-
Bi up to 222GPa. This is an example of the informa-
tion on single-crystal elasticity that can be obtained from
the data obtained using conventional geometry. The results
of this study have been compared with those obtained from
the first-principle calculation (FPC) of elastic moduli

www.elsevier.com/locate/jpcs
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Fig. 1. An example of gamma plot.

A.K. Singh et al. / Journal of Physics and Chemistry of Solids 67 (2006) 2192–2196 2193
in the framework of DFT with GGA and pseudopotentials
[13].

2. Experimental details

X-ray diffraction experiments were performed using
diamond anvil cell (DAC) with anvil face of 50 mm. The
polycrystalline Bi and Pt samples, both in foil form, were
stacked and loaded in Re gasket. The thickness of the
indented region and diameter of the central hole were 18
and 35 mm, respectively. The incident beam (wavelength
l ¼ 0.03292 nm) from beam line BL04B2 at SPring-8 was
collimated to 25 mm. Typical exposure times were 900 s.
Diffraction patterns were recorded on an image plate and
the images analyzed using the integration software PIP
[14]. The pressures were estimated using the equation of
state of Pt [15].

3. Method of data analysis

The solid sample compressed in a DAC undergoes
considerable plastic deformation and develops a highly
complex stress state. The strains produce by such stresses
can be conveniently computed by considering the stress
state as a superposition of two types of stresses—macro-
and micro-stresses. Macro-stresses produce strains that
cause the diffraction lines to shift whereas the strains
produced by micro-stresses result in diffraction-line broad-
ening. The macro-stresses at the center of the sample
possess axial symmetry about the load axis of the DAC.
The lattice strains produced by such a stress state have
been examined in detail in earlier studies [4–6]. For the
cubic system, the lattice parameter obtained from different
reflections recorded with the conventional diffraction
geometry satisfies the following relation [16]:

amðh k lÞ ¼M0 þM1½3Gðh k lÞð1� 3sin2 yÞ�, (1)

where

M0 ¼ aP 1þ ðat=3Þ 1� 3sin2 y
� ��

S11 � S12ð Þ � 1� a�1
� �

2GVð Þ
�1

� ��
,

M1 ¼ � aPðaSt=3Þ,

Gðh k lÞ ¼ h2k2
þ k2l2 þ l2h2

� �
= h2
þ k2
þ l2

� �2
,

S ¼ ðS11 � S12 � S44=2Þ.

Sij are the elastic compliances and y is the diffraction angle.
The difference between the axial and radial stress
components, termed uniaxial stress component, is denoted
by t. GV is the shear modulus of the randomly oriented
polycrystalline aggregate under iso-strain (Voigt) condi-
tion. It may be noted that the angle c between the
diffraction vector and load axis of the DAC equals (p/2�y)
for the conventional diffraction geometry. To a good
approximation, M0ffiap, and the am(hkl) versus
3 1� 3sin2 y
� �

Gðh k lÞ plot, termed gamma plot, is a straight
line. The following relation can be used to determine aSt
from the gamma plots,

aSt ¼ �3M1=M0. (2)

The term a decides the weights of shear moduli under the
conditions of stress continuity (Reuss) and strain con-
tinuity (Voigt) across the grain boundaries in the poly-
crystalline aggregate. a ¼ 1 corresponds to the condition of
stress continuity while a ¼ 0.5 corresponds to a condition
halfway between the conditions of stress and strain
continuities. The possible values that a can assume under
high-pressure condition were discussed in earlier publica-
tions [5–7]. However, we retain a in Eq. (2) and discuss its
effect on the results later in this paper.
The theory proposed earlier [17,18] for diffraction-line

broadening from deformed metals was modified [19,20] to
yield the following relation:

ð2wh k l cos yÞ
2
¼ ðl=dÞ2 þ Z2h k lsin

2 yh k l , (3)

where 2whkl is the full width at half maximum (FWHM) of
the diffraction profile on 2y-scale and corrected for the
instrumental broadening. The symbols d, l, and Zhkl denote
grain size, X-ray wavelength, and the micro-strain,
respectively. Grain size is considered independent of (hkl)
and is determined from the intercept of the plot. Micro-
strain can be then determined for each reflection from the
following relation:

Z2hkl ¼ ð2whkl cos yÞ
2
� ðl=dÞ2

� �
=sin2y. (4)

The (hkl)-dependence of Zhkl is given by [17]

Zh k l ¼ 4pmax½S11 � 2SGðhklÞ�. (5)

The results on MgO [20] and many other materials suggest
that 2pmax ¼ t. Eq. (5) reduces to

Zhkl ¼ 2t S11 � 2SGðhklÞ½ �. (6)
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Fig. 2. aSt derived from the gamma plots are shown by unfilled squares.

St derived from the line width analysis [Eq. (6)] are shown by unfilled

circles. The line shows least-squares fit through unfilled squares.
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Fig. 3. The typical (2w cos y)2 versus sin2y plot.
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Fig. 4. The grain sizes at different pressures.
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Fig. 5. S11t, derived from the line width analysis at different pressures.
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4. Results

A total of 11 runs in the pressure range 12–222GPa were
selected for the present analysis. In each run the first five
reflections from the bcc-Bi were observed. The gamma
plots were constructed for each run. A typical plot is shown
in Fig. 1. The gamma plot in one run showed no systematic
trend and was ignored. The aSt-values computed using Eq.
(2) for the remaining 10 runs are shown in Fig. 2. The
measured FWHM were used to construct the (2w cos y)2

versus sin2y plots. Typical plot is shown in Fig. 3. The data
in two runs showed no trend in such plots. For the
remaining nine runs the grain sizes were computed from
the intercepts of such plots and are shown in Fig. 4. The
strains were computed from Eq. (4). The St and S11t

computed using Eq. (6) are shown in Figs. 2 and 5,
respectively.

5. Discussion

In the present experiments, significant proportion of the
diffracted intensity arose from the region of pressure
gradient as the incident X-ray beam illuminated large area
of the sample. Eqs. (1) through (6) do not take into account
the effect of large pressure gradients. We proceed with the
discussion of the results keeping in mind this limitation.
The average grain size is found to be 50 nm and is nearly

pressure independent. Since the line widths were not
corrected for the instrumental broadening, the grain sizes
are systematically underestimated. Further, the errors in
the estimation of grain sizes are large, the standard error
being comparable to the magnitude of the grain size itself.
This is the direct outcome of the use of short wavelength in
the diffraction experiments with a DAC. A short wave-
length radiation as the primary beam is essential to
overcome the absorption in the diamond anvils and to
allow sufficient number of reflections through the narrow
window available for emergence of the diffracted beam
from the DAC. The large errors in the estimates of grain
sizes are therefore inherent in such experiments.
In the high-pressure region, the values of St derived from

the line-width analysis are consistently much lower than
aSt values obtained from the line-shift analysis (Fig. 2).
However, all values St or aSt are positive. Noting that t is
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Fig. 6. Filled circles and unfilled diamonds show S and S11 derived from

the elastic moduli obtained from the first-principle calculations.
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Fig. 7. A comparison of S/S11 obtained from the present analysis with

that obtained from the first-principle calculations (filled circles). Dia-

monds indicate the values derived from experimental data with a ¼ 1. As a
is reduced, the values shift through the shaded region to the values marked
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Pressure (GPa)
100500 150 200 250

t (
G

Pa
) 

-1

0

1

2

3

4

Fig. 8. The pressure dependence of t obtained using line-shift data

(unfilled squares) and line-width data (unfilled circles).
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taken positive by convention, the results suggest that S for
bcc-Bi is positive in the pressure range of 12–222GPa. It is
seen from Fig. 5 that the values of S11t are positive, as
expected.

Fig. 6 shows the values S and S11 derived from the elastic
moduli obtained from the FPC [13]. It is seen that the S is
large positive at 31GPa, the first pressure point of
calculation, and decreases with increasing pressure but
remains positive up to E200GPa. The sign of S deduced
from the X-ray diffraction data are in agreement with the
results of FPC. Further, it is seen from Fig. 6 that the
computed S11 is close to S in the entire pressure range
suggesting that S/S11ffi1. Though the errors in the
estimations of aSt and S11t are large, it is tempting to
derive the ratio aS/S11 from the data in Figs. 2 and 5. Fig. 7
shows the S/S11-values from FPC and those calculated
from the straight-line fits to the data in Figs. 2 and 5. It is
seen that the values derived from experimental data with
a ¼ 1 are significantly lower than the results of FPC while
the values with a ¼ 0.5 show much better agreement with
the results of FPC. This may be taken as an indication of
the fact that a ¼ 0.5 provides a better description of the
nonhydrostatic part of the stress state. It is to be noted that
S for bcc-Bi is large, being 0.028GPa�1 at 12GPa. In an
earlier study on Au, which also has large S, the choice of
a ¼ 0.5 resulted in a better agreement between the results
obtained from X-ray diffraction technique and those
extrapolated of the ultrasonic data [7]. The uniaxial stress
component t can estimated from the measured aSt using
a ¼ 0.5 and S11t as the S and S11 values are obtained from
the FPC. The t�P data are shown in Fig. 8. It is seen that t

is small at 12GPa and reaches 3GPa at 222GPa.

6. Conclusions

This paper provides an example of study that can be
carried out with X-ray diffraction data limited over small
range of c. The sign of S and magnitude of S/S11 derived
from the diffraction data are in agreement with the results
of the first-principle calculation of elastic moduli. The
upper bound of the uniaxial stress component isE3GPa at
222GPa. This indicates that the stress state in bcc-Bi does
not deviate appreciably from hydrostatic even at such high
pressures.
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