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A B S T R A C T

Hydroxyapatite (HAP) and fluorapatite (FAP) are essential components of dental enamel

and bone. In this paper, we report a computational study of the elastic properties of HAP

and FAP using ab initio and force field techniques. We have obtained the HAP and FAP

elastic stiffness constants in hexagonal symmetry by fitting the Hooke law for both the

energy–strain and stress–strain relations. Our ab initio HAP stiffness constants differ from

the results of previous calculations, but follow similar trends. The HAP and FAP stiffness

constants calculated with the ab initio method are very similar, although FAP is slightly

stiffer than HAP in the hexagonal plane, and more compliant along the hexagonal axis.

The pseudo-single-crystal HAP experimental stiffness constants in current use are critically

reviewed. Combining the data from the ab initio simulations with the experimental FAP

stiffness constants, several alternative sets of HAP stiffness constants are proposed. The

mismatch in properties between HAP and FAP is evidently too small to assume it to be

directly responsible for dental enamel mechanical degradation with fluorosis disease.
c⃝ 2011 Elsevier Ltd. All rights reserved.
d

1. Introduction

Dental enamel is made up of apatitic mineralites (95–96 wt%),
organic matter (1 wt%) and water (3 wt%) (Cuy et al., 2002).
The majority of mineralized weaves needs multiscale mod-
eling. Detailed composition and accurate structure–property
relationships of apatitic mineralites are critically important
for evaluating the mechanical properties of dental enamel.
According to Baldazarri et al. (2008), small differences in ma-
terial composition can lead to significant changes in me-
chanical properties. Among the most important crystals that
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comprise dental enamel are hydroxyapatite (HAP) and fluo-
rapatite (FAP), with two formula units of Ca5(PO4)3(OH,F) per
crystal cell. Modeling themechanical properties of these com-
pounds using electronic structure methods entails a descrip-
tion on the atomic scale of some characteristics of healthy
and fluorotic teeth.

This study is motivated by a question about the influence
of the composition of dental enamel on its mechanical
properties. Topical fluoridation promotes ionic interchange
in the external surface of HAP (non-prismatic enamel) that
naturally exists on top of the enamel, converting it into a

.
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Fig. 1 – Schematic representation of an HAP unit cell.
hypermineralized surface of FAP (De Leeuw, 2002; Ten Cate,
1999). The demineralization–remineralization process that is
enhanced through this mechanism is a worldwide exploited
anti-caries technique.

This must not be confused with dental fluorosis, a disease
mostly related to ingestion of water with excess fluoride.
Although the existence of FAP crystals in the enamel internal
tissue is not discarded in this cases, systemic fluoride
mostly affects the dental amelogenesis process and does
not provide real anti-caries protection (Aoba and Fejerskov,
2002). As a consequence, there are morphology, texture, and
mineral/organic matrix proportion changes that could be
related to the mechanical breakdown of fluorotic teeth, but
they are not directly related to the atomic composition of the
crystals.

The HAP crystal is mostly reported as a complex structure
with 44 atoms in the hexagonal primitive cell (Chakraborty
et al., 2006; Renaudin et al., 2008; Sänger and Kuhs, 1992),
space group P63/m and a 50% partial occupancy of the OH
sites. It is schematically represented in Fig. 1. It is also
found in the monoclinic space group P21/b, depending on the
stoichiometry, temperature, and synthesis pressure (Snyders
et al., 2007; Suetsugu et al., 2001; Suetsugu and Tanaka,
2002). Other subgroups of P63/m, i.e., P21 and P63, have been
proposed, based on computational simulations (Haverty et al.,
2005; Tofail et al., 2005). The differences between the different
models are related to the local ordering of the OH− groups
and small distortion of the phosphate tetrahedra. A triclinic
structure is also reported, being a small distortion from the
P63/m structure (Alberius-Henning et al., 2001).

FAP has a very similar structure, with 42 atoms in the
unit cell, the same space group, and no partial occupancy
(F− anions instead of OH− anions). The calcium ions in the
apatite structure are in two different locations, Ca (1) and Ca
(2). The Ca (1) ions, four per unit cell, are located far from the
hexagonal axis that contains the F− or OH− anions and are
surrounded by 6 oxygen atoms. The Ca (2) ions, six per unit
cell, surround the channels of fluoride and hydroxyl ions in
groups of three at different heights (Hughes et al., 1989).

Yoon and Newnham (1969) and Sha et al. (1994) measured
the elastic stiffness constants of single-crystal FAP by means
of ultrasonic techniques. Teraoka et al. (1998) measured the
bending strength and Young’s modulus of HAP single crystals.
To our knowledge, there are no direct experimental reports of
all the components of the stiffness tensor in HAP monocrys-
tals that form dental enamel. Katz and Ukraincik (1971)
performed an extended experimental analysis of FAP single
crystals to derive a set of pseudo-single-crystal stiffness con-
stants for HAP. Remarkably, the values determined in Katz
and Ukraincik (1971) constitute the only approximation to
“experimental” stiffness constants available today for HAP.
Recently, Tofail et al. (2009) measured the elastic constants of
a textured polycrystalline sample of HAP that has transverse
isotropy. As a transversely isotropic medium has the same
number of independent elastic constants as an hexagonal
crystal, themonocrystal elastic constants can be derived from
the polycrystal constants, although some assumptions are
needed about how the monocrystal constants are averaged
over the polycrystal (see Section 4 and the Appendix below).

There have been recent computational efforts devoted to
the mechanical properties of this material (Ching et al., 2009;
De Leeuw et al., 2007; Mostafa and Brown, 2007; Snyders
et al., 2007). In De Leeuw et al. (2007) and Mostafa and Brown
(2007), different force fields for the modeling of HAP and
FAP were established based upon transferable potentials. The
potentials were also used to calculate the compressibility
data of HAP and FAP. Parameter-free ab initio calculations
have been reported for HAP (Ching et al., 2009; Snyders et al.,
2007), using density functional theory (DFT). However, the ab
initio stiffness constants obtained in these calculations are
significantly different.

In this article, we calculate the stiffness constants of HAP
and FAP using DFT, and analyze the results in comparison
with other DFT and force field calculations. In Section 2, we
describe the structural models and the computational details.
In Section 3, we present our results. In Section 4, we analyze
the assumptions of Katz and Ukraincik (1971) and present
new possible sets of stiffness constants for HAP. We also
compare the properties of FAP and HAP. Section 5 is devoted
to our conclusions.

2. Computational methods

2.1. Structural models

We studied the crystallographic structure of HAP refined by
Hughes et al. (1989), as modified by Mostafa and Brown
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(2007). The structure of Hughes et al. belongs to the P63/m
space group, with fractional occupation 0.5 for the OH
groups. Mostafa and Brown expressed it in the P1 group and
removed half of the OH groups. In fact, this structure has P63
symmetry.

The structure of FAPwas taken from the experimental data
in Hughes et al. (1989), already used as the starting structure
in other computational studies (Mostafa and Brown, 2007;
Tamm and Peld, 2006). It belongs to the P63/m space group,
with 42 atoms per unit cell. HAP also can be constructed
similarly to FAP, substituting F atoms by the OH group.

Calderin et al. (2003) reported an electronic structure
calculation of HAP. They obtained that the most stable HAP
structure has the OH groups oriented in the same direction.
They also simulated double unit cells with the hexagonal b
cell doubled along the b direction, and found that the OH−

groups in neighboring cells can be parallel (hexagonal crystal)
or antiparallel (monoclinic crystal), indistinguishable in terms
of the total energy.

2.2. Elastic properties

The elastic stiffness constants are defined as

Cij ≡ cαβγδ =
1
Ω

∂2Etotal
∂εαβ∂εγδ

, (1)

where U = Etotal/Ω is the total energy per unit volume, while
σαβ and εαβ (α, β = x, y, z) are the components of the stress
and strain tensors, respectively. In the context of ab initio
calculations, Ω is the unit cell volume, and Etotal is the unit
cell energy. The matrix of stiffness constants Cij = cαβγδ is
defined bymeans of the Voigt compound indices i = αβ, j = γδ,
following the rule 1 = xx,2 = yy,3 = zz,4 = yz,5 = zx,6 = xy.
Due to the symmetry of hexagonal crystals, the matrix of
stiffness constants of HAP and FAP can be expressed in terms
of five independent constants: (Dieulesaint and Royer, 1980)

C =



C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0

0 0 0 0 0


C11 − C12


2


. (2)

The elastic properties can be characterized equivalently by
the matrix of compliance constants Sij, which is the inverse
of the C matrix. The stress and strain tensors are symmet-
ric, having only six independent components. This allows the
Voigt notation, in which the stress and the strain are ex-
pressed as 6 × 1 matrices or their transposes:

ST =


σxx σyy σzz σyz σzx σxy


,

ET =


εxx εyy εzz 2εyz 2εzx 2εxy


.

(3)

In the limit of infinitesimal deformation, the relationship be-
tween strain, stress, and energy can be expressed in matrix
notation as

S = CE, U =
Etotal

Ω
=

1
2
ETCE. (4)
We used the periodic DFT method to calculate the energies
and stress tensors of the HAP and FAP crystals subjected to
strain.We applied five independent strains and fitted the stiff-
ness constants to the energy–strain relations, as detailed in
Table 1. For each type of strain, we calculated the total energy
(Etotal) for the values εαβ = 0,±0.0025,±0.005,±0.075,±0.010,
and ±0.015. The dependences Etotal(εαβ) were fitted to poly-
nomials of type

Etotal (ε) = ΩU (ε) = A0 + A1ε+ A2ε
2

+ A3ε
3. (5)

The linear and cubic terms were necessary only in a few
cases. A1 corrects inaccuracies in the variable cell optimiza-
tion, and A3 corrects for anharmonic terms. The term A2 was
nonsensitive to the values of A1, but the quality of the fit was
improved. A2/Ω is equal to C11/2 for strain I, C11 + C12 for
strain II, etc., as in Table 1.

2.3. Ab initio total energy calculations

The total energy of the unit cell was calculated using the code
QUANTUM ESPRESSO (Giannozzi et al., 2009), a plane wave
and pseudopotential implementation of DFT (Kohanoff, 2006).
In this framework, the total energy is the sum of the inter-
nuclear Coulomb repulsion and the electronic ground state
energy in the field of the nuclei. The pseudopotential frame-
work allows one to calculate only the states of the valence
electrons, avoiding the explicit calculation of core states. In
general, pseudopotential methods provide numerical results
of the same quality as all-electron calculations. The electronic
energy is obtained by solving the Kohn–Sham equations (Ko-
hanoff, 2006). For the exchange and correlation interaction,
we used the well-known PBE functional (Perdew et al., 1996).
For the electron–core interaction, we used ultrasoft pseu-
dopotentials (Vanderbilt, 1990).1 We used a cutoff of 60 Ry for
the plane wave expansion of the wavefunctions and 360 Ry
for the charge density. We note that 60 Ry is an extremely
high cutoff when ultrasoft pseudopotentials are used, but it
was needed to obtain soft energy–strain curves. The first Bril-
louin zone was sampled with a 3×3×4 k-point mesh centered
at the Γ point and shifted half a step in the z-direction. With
this setup, the energy, force, and pressure converged within
2 meV/atom,3 meV/Å, and 0.4 kbar, respectively. The stress
tensor in QUANTUM ESPRESSO is calculated based on the ex-
pressions derived by Nielsen and Martin (1983). This capabil-
ity makes it possible to obtain the stiffness constants from
the stress–strain relation (see Table 1). The elastic constants
obtained from the stress–strain and energy–strain relations
generally differ a little due to numerical issues, but these dif-
ferences can be controlled by the convergence parameters
mentioned above. Hence, comparing the values obtained by
both methods allows us to assess the quality of the calcula-
tions.

Optimized (unstressed) structures were obtained using
the variable-cell Parrinello–Rahman damped dynamics (Par-
rinello and Rahman, 1980), iterating until all the components

1 We have used the pseudopotentials H.pbe-rrkjus.UPF,
O.pbe-rrkjus.UPF, Ca.pbe-nsp-van.UPF, and P.pbe-n-van.UPF,
from the QUANTUM ESPRESSO web site http://www.quantum-
espresso.org.

http://www.quantum-espresso.org
http://www.quantum-espresso.org
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Table 1 – Strains, and energy–strain and stress–strain relationships used to determine the elastic constants.

Name Non-zero strain Energy density Non-zero stress

I εxx U =
1
2C11ε

2
xx σxx = C11εxx, σyy = C12εxx, σzz = C13εxx

II εxx = εyy U = (C11 + C12)ε
2
xx σxx = σyy = (C11 + C12)εxx, σzz = 2C13εxx

III εzz U =
1
2C33ε

2
zz σxx = σyy = C13εzz, σzz = C33εzz

IV εxx = εzz U =
1
2 (C11 + 2C13 + C33)ε

2
xx σxx = (C11+C13)εxx, σyy = (C12+C13)εxx, σzz = (C13+C33)εxx

V εyz U = 2C44ε
2
yz σyz = 2C44εyz
Table 2 – Crystallographic and theoretical lattice parameters of the structures of interest.

Material a (Å) b (Å) c (Å) c/a α (◦) β (◦) γ (◦) Ω (Å3)

Theory

HAP (this work) 9.582 9.580 6.879 0.72 90.00 90.00 120.00 546.85
HAP (this work) (P = 29.18 kbar) 9.435 9.435 6.850 0.73 90.00 90.00 120.00 528.01
FAP (this work) 9.509 9.509 6.898 0.73 90.00 90.00 119.99 540.18
FAP (this work) (P = 22.76 kbar) 9.406 9.406 6.866 0.73 90.00 90.00 120.00 526.05
HAP (Snyders et al., 2007) 9.635 6.595 0.68 530.20
HAP (Ching et al., 2009) 9.554 6.894 0.72 545.06

Experiment

HAP (Hughes et al., 1989) 9.418 9.416 6.875 0.73 90.01 89.99 119.94 527.99
FAP (Hughes et al., 1989) 9.398 9.397 6.878 0.73 89.99 90.02 120.06 526.04
of the stress tensor were smaller than 0.1 kbar, the total en-
ergy difference with the previous iteration was smaller than
1.4 × 10−5 eV (10−6 Ry), and the forces were smaller than
0.026 eV/Å (10−3 Ry/bohr). In the calculations to obtain the
energy of the strained crystals, the atom positions were re-
laxed, using the same force and energy criteria as in the vari-
able cell relaxations, and the BFGS algorithm implemented in
QUANTUM ESPRESSO.

3. Results

3.1. Relaxed structures

Table 2 shows the crystallographic and theoretical lattice
parameters. The HAP theoretical unit cell volume is 3.6%
larger than the experimental reference volume, in agreement
with the known trend of GGA predicting larger volumes than
the experimental values. The theoretical volume of the FAP
unit cell is 2.7% larger than that of the crystallographic FAP
structure in Hughes et al. (1989).

3.2. Elastic constants

Fig. 2 shows the ab initio energy–strain data and the fitted
curves for HAP. It can be observed that there is a well-
defined relaxed structure energy minimum. Similar results
are obtained for FAP. The stiffness constants obtained from
the fits are listed in Tables 3 and 4. The fit is qualitatively
very good, and this quality is reflected in the low estimated
errors of the fitted constants, reported in brackets in Tables 3
and 4. Note that we dealt with energy differences as small as
1 meV. Although the absolute total energy has not converged,
the energy differences are sufficiently converged to produce
soft curves. Our initial calculations with a 35 Ry cutoff,
typical for ultrasoft pseudopotentials, produced reasonable,
but noisy curves. In some cases the strained cells had lower
energy than the relaxed unit cell. Moreover, the 60 Ry cutoff
allows a substantially better agreement between the stiffness
constants fitted from the energy–strain and stress–strain
data.

Only a few differences deserve to be mentioned between
HAP and FAP. The FAP structure is more energy sensitive to
elongational strain (ε11 and ε33) and in-plane shear strain
(ε12) than both HAP structures, resulting in higher C11, C33,
and C12 values for FAP. The situation for the out-of-plane
shear strain (ε13 and ε44) dependence for energy is observed
to be the other way around, with lower C13 and C44 values
for FAP.

It is well known that in GGA calculations the lattice param-
eters are overestimated with respect to room-temperature
measurements. For HAP and FAP, the difference between the
experiment values (Hughes et al., 1989) and our calculation
values is 3.6% and 2.7%, respectively. The difference in unit
cell volume is basically due to the a and b lattice parameters;
the c parameter is almost equal in experiment and theory. To
evaluate the effect of the lattice vector overestimation on the
elastic constants, we have also calculated them imposing an
external pressure that allows to reproduce the experimental
unit cell volume.

Using classical force fields and the General Utility Lattice
Package (GULP) (Gale and Rohl, 2003), it is also possible to
obtain the elastic constants by using analytical derivatives of
the energy against the strain tensor. We have explored this
kind of model using the force fields of Mostafa and Brown
(2007). The elastic constants can also be obtained by fitting
the energy–strain curves. We used both types of calculation
to check the reliability of our fitting procedure. The stiffness
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Table 3 – HAP stiffness constants (in GPa). For each material, the constants in the first row have been fitted to the
energy–strain relations. In the second row they have been fitted to the stress–strain relations. The fitting statistical error
of the last digit is enclosed in brackets (two standard deviations).

C11 C12 C13 C33 C44 Ba Ga

E versus strain 117.71(7) 31.1(1) 66.42(7) 165.0(1) 38.5(1) 77(4) 39.3(5)
Stress–strain 117.9(2) 30.55(7) 66.4(2) 165.0(2) 38.5(3) 77(4) 39.4(6)
Stress–strain (P = 29.18 kbar) 145.2(3) 47.8(1) 73.6(2) 191.4(2) 37.6(8) 95(2) 43.4(5)
Force fields (Mostafa and Brown, 2007) 158 57.5 59.8 147 43.9 90.77(3) 46.6(1)

Others: theory

(Ching et al., 2009) 140.0 42.4 58.3 174.8 47.5 84.6(1.1) 47.6(1)
134.8 60.1 47.6

(Snyders et al., 2007) 117.1 26.2 55.6 231.8 56.4 76(6) 52(1)
(De Leeuw et al., 2007) 134.4 48.9 68.5 184.7 51.4 90(2) 46.6(4)

Experiments

(Katz and Ukraincik, 1971) 137 42.5 54.9 172 39.6 82.6(8) 44.6(3)
Isotropic ceramic (Gilmore and Katz, 1982) 89b 44.5b

Textured ceramicsc (Tofail et al., 2009) 137.2 53 55.1 123.2 42.2
Monocrystal, from Voigt averaged 123.2 51 59.2 138.8 48.3
Monocrystal, from Reuss averaged 123.6 51.6 59.5 139.6 50.9

aVoigt–Reuss–Hill (VRH) averages of bulk (B) and shear (G) moduli calculated with the stiffness constants. Shown in parentheses is the
difference between the VRH average and the Voigt and Reuss values, which are theoretical upper and lower limits, respectively.
bExperimental values.
cExperimental value for a textured transversely isotropic textured polycrystal sample.
dDerived from the experimental values on the textured isotropic polycrystal sample. See the Appendix for details.
Table 4 – FAP stiffness constants (in GPa). For each material, the constants in the first row have been fitted to the
energy–strain relations. In the second row they have been fitted to the stress–strain relations. The fitting statistical error
of the last digit is enclosed in brackets (two standard deviations).

C11 C12 C13 C33 C44 Ba Ga

E versus strain 126.35(9) 36.2(2) 63.4(3) 167.6(2) 34(1) 81(2) 39.2(5)
Stress–strain 126.4(8) 35.8(3) 63.0(4) 167.7(5) 35(1) 81(2) 39.8(5)
Stress–strain (P = 22.76 kbar) 146.9(2) 48.4(1) 69.4(2) 188.2(2) 32(1) 94(2) 41(1)
Force fields (Mostafa and Brown, 2007) 165 55 60 145 40.2 91.6(1) 46.6(5)

Others: theory

Force fields (De Leeuw et al., 2007) 150.6 62.8 73.6 176.6 53.2 99.2(6) 47.7(2)

Experiments

(Yoon and Newnham, 1969) 143.4 44.5 57.5 180.5 41.5 86.5(9) 46.7(3)
(Gilmore and Katz, 1982) 94b 46.4b

(Sha et al., 1994) 152.0 49.7 63.1 185.8 42.8 92.8(8) 47.9(3)

aVoigt–Reuss–Hill (VRH) averages of bulk (B) and shear (G) moduli calculated with the stiffness constants. Shown in parentheses is the
difference between the VRH average and the Voigt and Reuss values, which are theoretical upper and lower limits, respectively.
bExperimental values.
constants obtained by using analytical derivatives and by
using our fitting procedure agree within 1%.

4. Discussion

Snyders et al. (2007) calculated the Cij by the method of
Fast et al. (1995), which is essentially our energy versus
strain method. For comparison, the numerical parameters
used in Snyders et al. (2007) were 495 eV cutoff, 0.01 meV
SCF convergence in total energy, 7 × 7 × 7 k-points, VASP
code. Ching et al. (2009) used the stress–strain relations to
calculate the Cij by using finite differences. The stresses were
obtained with VASP. However, they used stricter convergence
criteria (notably a 600 eV cutoff). They obtained nine stiffness
constants in total, which can be put in correspondence with
the hexagonal symmetry constants using (C11+C22)/2 → C11,
(C12 + C23)/2 → C12, and (C44 + C55)/2 → C44.

The Cij in Ching et al. (2009) are greater than ours, except
C13, and show better agreement with the values of Katz and
Ukraincik (1971). However, as will be discussed below, this
coincidence may be fortuitous. Snyders et al. (2007) obtained
smaller C12 and C13 values than ours, but greater C33 and
C44 values, averaging a similar bulk modulus and larger shear
modulus compared to our calculation. Their results for C33
and C44 are more than 40% larger than our results, and
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Fig. 2 – Ab initio energy versus strain data of HAP.

are also higher than those of all other calculations. They
also obtained an anomalously low c/a ratio. It is difficult to
assess the cause of the dispersion of the ab initio Cij values,
given that the three calculations share common methods.
The three calculations used the periodic DFT approach, with
plane wave basis sets and the GGA. Snyders et al. (2007) and
Ching et al. (2009) used the same code, VASP; Snyders et al.
used ultrasoft pseudopotentials, like us, while Ching et al.
used the projector augmented wave potential. Ching et al.
used the same functional as us, PBE, while Snyders et al.
used a non-specified GGA functional, probably PW91 or PBE.
Thesemethodological differences generally producemarginal
differences and do not explain the variability of the results. To
discard the errors induced by different pseudopotentials and
other implementation details, we havemade test calculations
of the Cij constants using the VASP code. For the VASP
calculations, we have used the set of parameters specified by
Ching et al. (2009), and we have obtained the values C11 =

123 GPa, C12 = 34 GPa, C13 = 66 GPa, and C33 = 168 GPa, which
are close to the values obtained with QUANTUM ESPRESSO.
We have explored variations of the fitting procedure, the k-
point grid, and 44-atom and 88-atom unit cells, and we have
been unable to reproduce the results of Ching et al. (2009).
Professor Ching has kindly supplied his refined structure with
an orthorhombic unit cell, and we have obtained the same
values for the elastic constants.

We have also tested a structural model with P21/b sym-
metry derived from the crystallographic structure of Sänger
and Kuhs (1992). This model has the same backbone with
P63/m symmetry, but the OH groups along the same line (c-
axis) have opposite orientations, with the hydrogens pointing
toward each other. The relaxed structure has a slightly higher
energy (6 meV/atom) than the model described above. The
elastic constants computed with both structures have no sig-
nificant differences (less than 2.5 GPa).

Mostafa and Brown (2007) fitted empirical force fields to
the structure and physical data of FAP, and used them to
calculate the stiffness constants of HAP and FAP. Noting some
errata in Mostafa and Brown (2007), we have recalculated
the stiffness constants and have presented them in Tables 3
and 4. De Leeuw et al. (2007) have also fitted force fields to
simulate a number of properties of apatites, including the
elastic properties. For the sake of completeness, we include
their results in Tables 3–5.

Comparing the ab initio stiffness constants of HAP and FAP
with the experimental values, we observe that the C11, C12,
and C33 values are significantly smaller than the experimen-
tal values, while C13 and C44 have larger or similar ab initio
values.

The calculation with the external pressure produces
higher stiffness constants except for C44, which describes
the response to shear stress. In the case of FAP, the pressure
makes the values of C11, C12, and C33 fall within the values of
the two reported experiments. In the case of HAP under pres-
sure, all the stiffness constants except C44 are higher than the
experimental values.

Van der Waals interaction, not reproduced by standard
DFT (French et al., 2010), provides an additional attractive
potential that contributes to reducing the unit cell volume
and increasing the stiffness constants. In apatites, the
dominant interactions are ionic and covalent, which are
several orders of magnitude stronger than van der Waals
interactions. An estimation of the van der Waals effect
upon the elastic properties can be obtained from force field
calculations (Mkhonto and de Leeuw, 2002), where dispersion
terms of the form C/r6 are fitted for the O–O, O–F and
F–F pair potentials. When the FAP elastic constants are
recalculated without the dispersion potentials, the elastic
constants decrease by 2.2 GPa for C11 and C12 and less for
the other constants. This is consistent with the known trend
of van der Waals solids to have Young’s moduli in the range
1–4 GPa (Ashby et al., 2007, p. 67). Hence, one can expect
that a van der Waals corrected calculation may increase the
stiffness constants by about 2 GPa.

The elastic constants obtained are typical of ionic solids
(see, e.g., Catti et al., 1991). As shown by analysis of Mulliken
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Table 5 – Ratio of the combinations of the stiffness constants assumed in Katz and Ukraincik (1971) to obtain the HAP
pseudo-single-crystal stiffness constants, compared with the values obtained from simulations. Also are given the HAP
stiffness constants (in GPa) as predicted with the method of Katz and Ukraincik (1971) using all the above ratios and the
FAP experimental values of Yoon and Newnham (1969).

Katz and Ukraincik
(1971)

DFT Force fields Mostafa and
Brown (2007)

Force fields De Leeuw
et al. (2007)

(2C11+C33)HAP
(2C11+C33)FAP

0.955 0.95 0.98 0.949

(C12+2C13)HAP
(C12+2C13)FAP

0.955 1.006 1.01 0.885

((C11−C12)/2+2C44)HAP
((C11−C12)/2+2C44)FAP

0.955 1.06 1.02 0.968

(C11+C12−2C13)/(C33−C13)HAP
(C11+C12−2C13)/(C33−C13)FAP

1.000 0.47 0.94 0.62

2C44/(C11−C12)HAP
2C44/(C11−C12)FAP

1.001 1.18 1.2 0.992

C11 137 128a 137 128
C12 42.5 33.6a 46.9 31.3
C13 54.9 63.4a 57.2 54.9
C33 172 189a 182 188
C44 39.6 46.8a 45.1 40.1

aIf the FAP stiffness constants determined by Sha et al. (1994) are used together with the DFT HAP/FAP ratios, then the predicted constants are
as follows: C11 = 136 GPa, C12 = 38.4 GPa, C13 = 69.3 GPa, C33 = 194 GPa, and C44 = 48.3 GPa.
charges and bond orders (Rulis et al., 2004), FAP and HAP have
strong covalent bonding within the phosphate and hydroxyl
groups and ionic bonding between Ca2+, PO3−

4 , F−, and OH−.
Hence, according to the mechanical behavior, they can be
regarded as ionic solids with complex ions.

Let us comment on the experimental stiffness constants.
Gilmore and Katz (1982) obtained values of the bulk and
shear moduli of dense polycrystalline HAP and FAP, as well
as enamel and dentin, by measurement of the ultrasonic
velocities in compressed powders with different pressures,
and extrapolation to zero pressure to filter out the effect of
porosity. For HAP, they obtained the values B = 89.0 GPa,
G = 44.5 GPa, and E = 114 GPa. For FAP, B = 94.0 GPa, G =

46.4 GPa, and E = 120 GPa. The Young’s modulus is calculated
as E = 9BG/(3B + G). They also showed that for composites
HAP–NaCl, the Reuss approximation performs better than the
Voigt one.

The experimental data reported by Yoon and Newnham
(1969) and by Sha et al. (1994) for FAP provide the only
experimental values of the elastic constants of fluorapatite
to date. Katz and Ukraincik (1971) assumed that the single-
crystal stiffnesses coefficients could be calculated for HAP by
scaling the HAP isotropic moduli against the corresponding
FAP moduli. They assumed that the combinations 2C11 +

C33, C12 + 2C13, and (C11 − C12)/2 + 2C44 have a constant
ratio HAP/FAP = 0.955, which is the average ratio of the
measured bulk and shearmoduli. These combinations appear
in the Voigt averages, considering the symmetry constraints
for the hexagonal group. Katz and Ukraincik also assumed
that (C11 + C12 − 2C13)/(C33 − C13) and 2C44/(C11 − C12)
take the same values in both FAP and HAP crystals. Solving
the equations, they determined the pseudo-single-crystal
stiffness constants of HAP. However, the measured bulk
modulus values for both FAP and HAP are inconsistent with
the Voigt bulk moduli determined from the single-crystal
stiffness constants. In fact, they are out of the range between
the Reuss and Voigt values. Moreover, Table 5 shows the
HAP/FAP ratios of the combinations of the stiffness constants
used in Katz and Ukraincik (1971), and the values obtained
from simulations with ab initio and force field models. It can
be seen that some of the ratios deviate considerably from the
values assumed in Katz and Ukraincik (1971). Finally, using
the ratios given by the simulations, we have recalculated
the HAP stiffness constants with the method of Katz and
Ukraincik (1971), and we have presented them in Table 5.

Recently, Tofail et al. (2009) have measured the elastic con-
stants of a textured sample of HAP, such that the hexagonal
axes of the grains are aligned in the XY-plane of the sample,
and arbitrarily oriented within this plane. This sample had
transverse isotropic symmetry. The elastic constants of the
textured material can be estimated by averages of the stiff-
ness tensor (Voigt averages) and by averages of the compli-
ance tensor (Reuss averages), as discussed in the Appendix.
As the transversely isotropic medium has the same number
of independent elastic constants as the hexagonal crystal, the
above equations can be easily solved to obtain the monocrys-
tal stiffness constants from the polycrystal constants. Table 3
shows the monocrystal stiffness constants derived from the
polycrystal constants assuming the Voigt and Reuss con-
ditions. A comparison between the estimated monocrystal
properties and Katz and Ukraincik data shows a somewhat
unexpected disagreement, also showing the scattering of the
experimental data in the literature due to difficulties in ob-
taining accurate measurements. The newly derived C11 value
is smaller than the Katz and Ukraincik values and closer to
the ab initio value. The C33 value is also smaller than the Katz
and Ukraincik values, with the DFT values in between. The
C12 and C44 values are higher than both other values. The C13
value is between the DFT and Katz and Ukraincik values.

In all the experimental and theoretical results, the differ-
ences between corresponding Cij values and unit cell param-
eters of HAP and FAP are too small to entail any dramatical
change in tooth mechanical properties. They do not seem to
be directly responsible for mechanical breakdowns in enamel
with fluorosis. In accordance with the results of Baldazarri
et al. (2008), the existence of residual organic matrix in dental
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enamel seems the most important factor because of the me-
chanical mismatch between ceramics and organic materials.
Nevertheless, the question of the influence of themorphology
and texture of polycrystalline structures remains open. As a
tendency verified by all the cited methods, hyper-mineralized
enamel surfaces containing large amounts of FAP could be
more rigid than purely HAP compositions.

5. Conclusions

We have presented a first-principles calculation of the elastic
stiffness constants of FAP and HAP.We have studied the effect
of the alternative HAP structures on the stiffness constants.
We have discussed the dispersion of the stiffness constants
calculated by different authors using similar methods. The
DFT stiffness constant values are, in general, significantly
smaller than the experimental values, with the exception
of C13. Setting an empirical external pressure to reproduce
the experimental unit cell density allows us to improve the
elastic constants for FAP, giving values that fall between
the two available experimental measurements. However, in
the case of HAP, the external pressure does not improve
the agreement with experimental values of the stiffness
constants. Hence, purely ab initio methodology is currently
unable to predict accurate values of the HAP elastic constants
(or there is a very wide range for them). Nevertheless, the
experimental values of HAP elastic constants are based on
measurements in polycrystalline samples and differ by as
much as 24%. However, DFT reproduces the experimental
findings of Sha et al. (1994) and Yoon and Newnham (1969)
about the anisotropy, i.e., C33/C11. Moreover, combining the
data from our ab initio calculations with the experimental
FAP data, we have recalculated the HAP pseudo-single-crystal
stiffness constants, providing updated and reasonable values.
In the new sets of HAP stiffness constants, the C13, C33, and
C44 values are larger than the old values (Katz and Ukraincik,
1971), while and C11 and C12 are similar. We hope that our
results stimulate efforts to measure the single-crystal elastic
constants of HAP precisely. Regarding the problem of dental
enamel, the mismatch in elastic properties between HAP and
FAP seems to be too small to explain the degradation of
mechanical properties with fluorosis disease. The influence
of residual organic matrix, crystal morphology, and texture
can be more reasonable causes for mechanical degradation,
and this remains an open topic for investigation.
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Appendix. Elastic constants of polycrystalline
apatites

In isotropic, non-textured, polycrystalline materials, there are
only two independent elastic constants, the bulk (B) and shear
(G) moduli. Other constants like the Young’s modulus, Poisson
ratio, and Lamé coefficients are expressed in terms of B and
G. Isotropic moduli are averages of the elastic constants of the
monocrystals, but the also depend on the way that individual
grains interact with each other.

Upper and lower bounds for the bulk and shear moduli can
be easily calculated if it is assumed that either the strain or
the stress is continuous across grain boundaries. Assuming
continuous strain, one obtains the Voigt averages (Nye, 1957):

BVoigt =
1
9


C11 + C22 + C33 + 2


C12 + C13 + C23


(6)

GVoigt =
1
15

[C11 + C22 + C33

+ 3

C44 + C55 + C66


− C12 − C13 − C23


. (7)

If the stress is assumed to be continuous across the grain
boundaries, the Reuss average values are

BReuss =

S11 + S22 + S33 + 2


S12 + S13 + S23

−1 (8)

GReuss = 15

4


S11 + S22 + S33 − S12 − S13 − S23


+ 3


S44 + S55 + S66

−1
, (9)

where Cij and Sij are the components of the stiffness matrix
defined in Eq. (1) and its inverse (i.e., the compliance matrix).
The Voigt–Reuss–Hill elastic moduli are the arithmetic
averages of the Voigt and Reuss values, and are generally
considered to be a better approximation to the experimental
values.

In a textured polycrystal, the function f(φ, θ, ψ) describes
the probability of having grains with the principal crystal
axes rotated with respect to reference axes, the rotation being
described by Euler angles (φ, θ, ψ). The stiffness tensor of a
rotated monocrystal expressed in reference axes is given as

cαβγδ(φ, θ, ψ) =

3−
α′,β′,γ′,δ′=1

aαα′aββ′aγγ′aδδ′cα′β′γ′δ′ ,

where cα′β′γ′δ′ is the tensor expressed in the principal axes
of the crystal (Eq. (2)), and aµν is the Euler rotation matrix
a(φ, θ, ψ), given in Box I.

A Voigt average can be cast as


cαβγδ


V =

∫ 2π

0

∫ π

0

∫ 2π

0
f (φ, θ, ψ) cαβγδ (φ, θψ)

× sin θdφdθdψ.

A Reuss average results from application of the same trans-
formations to the compliance tensor. The standard Voigt and
Reuss averages for non-textured polycrystals are obtained
when f(φ, θ, ψ) = 1/8π2. With these transformations, the stiff-
ness and compliance tensors become isotropic, and using the
relations B = (C11 + 2C12)/3 = 1/(3S11 + 6S12) and G = C44 =

1/S44, with Cij and Sij being the averaged constants, Eqs. (6)–
(9) are obtained.

For a textured sample of HAP, such that the hexagonal
axes of the grains are aligned in the XY-plane of the sample,
and arbitrarily oriented within this plane (Tofail et al., 2009),
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a(φ, θ, ψ) =

cosφ cosψ− cos θ sinφ sinψ − cosψ sinφ− cos θ cosφ sinψ sin θ sinψ
cos θ cosψ sinφ+ cosφ sinψ cos θ cosφ cosψ− sinφ sinψ − cosψ sin θ

sin θ sinφ cosφ sin θ cos θ

 .

Box I.
we can consider f(φ, θ, ψ) = δ(θ − π/2)/4π2. This sample has
transversely isotropic symmetry. The Voigt averages for this
texture are

C
Voigt
11 =

1
8


3C11 + 2C13 + 3C33 + 4C44


C
Voigt
12 =

1
8


C11 + 6C13 + C33 − 4C44


C
Voigt
13 =

1
2


C12 + C13


C
Voigt
33 = C11

C
Voigt
44 =

1
4


C11 − C12 + 2C44


and the Reuss averages of the compliance constants are

SReuss11 =
1
8


3S11 + 2S13 + 3S33 + S44


SReuss12 =

1
8


S11 + 6S13 + S33 − S44


SReuss13 =

1
2


S12 + S13


SReuss33 = S11

SReuss44 = S11 − S12 +
S44
2
.

The asymmetry between the averages of Cij and Sij is easily
understood, considering their relations with the correspond-
ing tensors, C44 = c2323 versus S44 = 4s2323, which in turn
originate in the different way in which the strain and stress
tensors enter in the Voigt notation, i.e., Eq. (3).
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